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Abstract
We consider the imprints of local massive defects, such as a black hole or a massive
monopole, during inflation. The massive defect breaks the background homogeneity.
We consider the limit that the physical Schwarzschild radius of the defect is much
smaller than the inflationary Hubble radius so a perturbative analysis is allowed. The
inhomogeneities induced in scalar and gravitational wave power spectrum are calculated.
We obtain the amplitudes of dipole, quadrupole and octupole anisotropies in curvature
perturbation power spectrum and identify the relative configuration of the defect to
CMB sphere in which large observable dipole asymmetry can be generated. We observe
a curious reflection symmetry in which the configuration where the defect is inside the
CMB comoving sphere has the same inhomogeneous variance as its mirror configuration
where the defect is outside the CMB sphere.
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1 Introduction
One of the original motivations for inflationary paradigm was to solve the monopole problem
[1, 2]. A rapid period of inflationary expansion dilutes all classical inhomogeneities and defects
such as monopoles and strings, providing a natural solution to the problem of overproduction
of primordial magnetic monopoles in models of grand unified theories [3]. With this picture
in mind, there were not much attentions on defects during inflation. It is natural to think
that if inflation continues for long enough period, then the patch of inflationary background
encompassing the current observable Universe may have no monopole, justifying a simple
isotropic and homogeneous inflationary patch to start with.
In this work we would like to study the effects of a local massive defect, such as a black
hole or a monopole, during inflation. If inflation does not last very long, i.e. not much longer
than the 60 e-folds required to solve the flatness and the horizon problem, then it is likely
that the existence of defects will have observational imprints on cosmological observations,
specially on horizon size scales corresponding to low ` multipoles in CMB maps. Indeed,
there are indications of deviations from nearly scale-invariant and isotropic primordial power
spectrum as predicted by simplest models of inflation on horizon scales such as power deficit
and hemispherical asymmetry [5]. Because of the cosmic variance the significance of these low-
` anomalies is under debate. However, if these anomalies have cosmological origins, then they
hint towards more complicated dynamics of inflation with new degrees of freedom beyond
the simple picture based on a slow-rolling scalar field. With this motivation, the possible
hemispherical asymmetry in CMB maps, as suggested in WMAP and Planck data [6, 7, 8],
has attracted significant interests in recent years, see also [9, 10, 11, 12]) for recent data
analysis on the search for dipole asymmetry in CMB maps.
There is no physically compelling mechanism to generate hemispherical asymmetry. One
intriguing proposal is the mechanism of long mode modulations [13]. In this approach a
mode which is much bigger than the Hubble radius generates the asymmetry by modulating
the background inflationary parameters. However, it is well known that this proposal does
not work in simple single field models. This is because the amplitude of dipole modulation is
related to the amplitude of local-type non-Gaussianity fNL as demonstrated in [14]. Therefore,
in single field models of inflation with small (actually zero) fNL no dipole asymmetry is
generated. This suggests one has to look for models beyond the single slow roll setup such as
curvaton scenarios or iso-curvature perturbations, see [15] for a list of various theoretical works
in generating observable dipole asymmetry. In particular the proposal that a domain wall
during inflation can be behind the observed dipole asymmetry was put forward in [16]. It was
shown that a scale-dependent large dipole can be generated in this setup while the amplitudes
of higher multipoles such as quadrupole and octupole are small. This feature is particularly
appealing, since the observations seem to prefer a scale-dependent dipole amplitude which
falls off on small CMB scales [7, 8, 17]. These interesting results may single out the roles of
defects during inflation in addressing the observed CMB anomalies.
In addition to [16], the fingerprints of primordial defects on curvature power spectrum
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have been studied in [18, 19, 20, 21, 22, 23]. In [19] the correction to curvature perturbation
power spectrum from a cosmic string during inflation is obtained. Since cosmic string breaks
the rotational invariance, the induced power spectrum breaks both rotational invariance and
the translational invariance.
In this work, similar to the method employed in [16], we calculate the corrections in
curvature perturbation power spectrum from a massive defect during inflation. In addition,
we calculate the corrections in gravitational wave power spectrum. Since the local mass
term singularity breaks the translational invariance, our result for power spectrum maximally
violates the translational invariance, i.e. there is no δ3(k + q) in Fourier space for the modes
k and q.
The rest of the paper is organized as follows. In Section 2 we present our setup of in-
flationary black holes and construct the required interaction Hamiltonian. In Section 3 we
calculate the corrections in curvature perturbation power spectrum. In Section 4 the vari-
ance of curvature perturbation power spectrum is calculated and the amplitudes of dipole,
quadrupole and octupole in variance are obtained. In Section 5 we calculate the corrections
in gravitational wave power spectrum followed by discussions in Section 6. Some technical
analysis for the interaction of tensor perturbations are relegated into the Appendix.
2 Massive defect in Inflationary Backgrounds
In this section we present our set up. As mentioned before, we consider a local massive defect,
i.e. a black hole, in inflationary background. In a sense, this massive defect may be viewed as
a monopole too. But technically speaking a monopole is charged under the U(1) gauge field.
Therefore, our analysis may not directly apply to a monopole. However, if one neglects the
electromagnetic interactions of monopole and consider only its gravitational effects, then our
results can be applied to monopole too.
Following the strategy employed in [19] and [16], in order to study the imprints of the
massive defect on cosmological observations such as curvature perturbation power spectrum,
we need to know the metric of the background in the presence of the defect. In the limit that
one neglects the gravitational back-reactions of the inflaton field, the presence of the defect is
felt by the inflaton field via the deformation of the inflationary metric by the defect. Happily
the metric of local mass singularity in a cosmological background is known. A spherically
symmetric time-dependent solution of the Einstein equations that describes a black hole
embedded in an FRW universe is given by the McVittie solution [24, 25, 26]
ds2 = −
(
1− GM
2a(t)r
)2(
1 +
GM
2a(t)r
)−2
dt2 + a(t)2
(
1 +
GM
2a(t)r
)4
d~x2 , (1)
where r = |~x| and a(t) is the cosmic scale factor. In this coordinate system black hole’s
physical horizon corresponds to a(t)r = GM/2 while the cosmological horizon is given by
H−1. The dS limit corresponds to the case in which a(t) = eHt with the Hubble expansion
rate H being constant. In this case, the hypersurface GM/2a(t)r = 1 is regular as if the scalar
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curvature reduces to R = 12H2. It represents a space-like surface inside the event horizon
[25].
In order to have a consistent inflationary setup, we assume that the inflationary back-
ground is nearly a dS solution in which the dominant source of the energy density is pro-
vided by the inflaton field potential V (φ) so the Hubble expansion rate is nearly given by
3M2PH
2 ' V (φ) in which M2P = 1/8piG is the reduced Planck mass and the approximation
holds in the slow-roll limit when we neglect the variation of H, −H˙/H2  1. We assume
that the massive defect is a small perturbation to the background slow-roll inflationary setup
so the energy sourced by the defect in a Hubble volume is much smaller than the inflaton
potential. This corresponds to MH3  M2PH2 or GMH  1. In addition, in order to have
a physically reliable analysis, we need to assume that the black hole’s physical event hori-
zon is much smaller than the cosmological horizon. Interestingly, this condition also requires
GMH  1. This discussion suggests that the dimensionless parameter µ ≡ GMH is the key
perturbative parameter in our analysis, in which the consistency of our assumptions requires
µ < 1. In this approximation the interesting cosmological scales are far beyond the black
hole’s physical event horizon and we are justified to consider a power series expansion of the
metric Eq. (1) in terms of GM/a(t)r.
With these discussions in mind, now let us look into the effects of the massive defect on
inflaton’s dynamics. As mentioned above, we neglect the back-reaction of inflaton on geometry
so the background metric is given by Eq. (1) to leading order in slow-roll corrections. Then
the presence of the massive defect is felt by the inflaton field mainly via deformation of the
near dS metric by the defect as given in Eq. (1).
To be specific, we consider a massless scalar field φ with the canonically normalized kinetic
energy. The leading contribution to curvature perturbation R is given by R = −Hδφ/φ˙ in
which δφ is the quantum fluctuations associated with the inflaton field. Now in order to
calculate the correction in curvature perturbation power spectrum we need to find the change
in the Hamiltonian of the inflaton field fluctuations δφ induced by the massive defect. This
is given by the second-order Lagrangian of the scalar field fluctuations
L = √−g
(
−1
2
gµν∂µδφ∂νδφ
)
, (2)
in which the metric is given by Eq. (1). Expanding the metric to leading orders in GM/ra
(considering the length scale much larger that the black hole’s physical Schwarzschild radius)
the quadratic Lagrangian density is obtained to be
L = 1
2
a3
[(
1 +
4MG
ra
+
29M2G2
4r2a2
)
δφ˙2 −
(
1− M
2G2
4r2a2
)
(∇δφ)2
a2
]
, (3)
in which a dot indicates the derivative with respect to cosmic time t and ∇ represents the
usual gradient with respect to the spatial comoving coordinate xi.
In order to use the standard in-in formalism to calculate the correction in power spec-
trum, we need the interaction Hamiltonian. To do so we calculate the conjugate momentum
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associated with δφ˙, given by
Π = a3
(
1 +
4MG
ra
+
29M2G2
4r2a2
)
δφ˙. (4)
Correspondingly, the quadratic Hamiltonian density is given by H = H0 +HI in which H0 is
the free Hamiltonian density, when M = 0, given by
H0 = 1
2a3
Π2 +
a
2
(∇δφ)2 , (5)
while the interaction Hamiltonian density HI to leading orders is given by
HI = 1
2a3
(
−4MG
ra
+
35M2G2
4r2a2
)
Π2 − a
2
(
M2G2
4r2a2
)
(∇δφ)2 . (6)
By replacing Π with δφ˙ (with δφ˙ = ∂H0
∂Π
), we obtain the interaction Hamiltonian density in
terms of δφ˙ which is more suitable for the in-in analysis:
HI = a
3
2
(
−4MG
ra
+
35M2G2
4r2a2
)
δφ˙2 − a
2
(
M2G2
4r2a2
)
(∇δφ)2 . (7)
For the reasons which become clear soon, we have kept terms of quadratic order in M2G2 in
the interaction Hamiltonian.
3 Inhomogeneous Power Spectrum
Here we calculate the correction to curvature perturbation power spectrum. As mentioned
before, we neglect the gravitational back-reaction of inflaton so the curvature perturbation
is given by the usual formula in flat gauge R = −Hδφ/φ˙. We define the correction to the
curvature perturbation power spectrum in Fourier space by
〈RkRq〉 =
(
H
φ˙
)2 (〈
δφkδφq
〉
+ ∆
〈
δφkδφq
〉)
, (8)
where the first term is the standard, isotropic and homogenous power spectrum while the
second term is the correction from the massive defect.
We calculate the correction to the power spectrum by taking HI =
∫
d3xHI as the leading
interaction Hamiltonian. The power spectrum is calculated in Fourier space, therefore, we
also need to calculate HI in Fourier space. The following Fourier transforms are useful:
1
|x| =
1
2pi2
∫ ∞
−∞
d3k
|k|2 e
ik·x (9)
1
|x|2 =
1
4pi
∫ ∞
−∞
d3k
|k| e
ik·x . (10)
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Let us first calculate the corrections to power spectrum to first order in GM . Using the
above formulas, the leading order HI is given by
HI = − 2MG
(2pi)3(2pi2)
∫
d3kd3q
|k + q|2 δφ
′(k)δφ′(q) (11)
in which a prime here and below denotes the derivative with respect to the conformal time τ
defined as usual via dτ = dt/a(t).
Using the standard in-in formalism, the correction in power spectrum induced from the
defect is obtained to be [27, 28]
∆
〈
δφkδφq
〉
= +i
∫ te
−∞
〈[
HI(τ), δφkδφq
]〉
dt (12)
=
2µ
H2(2pi)3(2pi2)
∫ τe
−∞
dτ
τ
∫
d3k′d3q′
|k′ + q′|2 Im
[〈
δφ′q′(τ)δφ
′
k′(τ)δφk(τe)δφq(τe)
〉]
,
in which τe represents the value of conformal time at the end of inflation, τe → 0. We see
that this corrections in power spectrum is linear in terms of the dimensionless parameter µ.
Calculating the expectation values using the Wick’s theorem, we obtain
∆
〈
δφkδφq
〉
= −16piµ
H2
1
|k + q|2
∫
dτ
τ
Im
[
δφ′q(τ)δφ
′
k(τ)δφ
∗
q(τe)δφ
∗
k(τe)
]
+ k ↔ q. (13)
The wave function of the free theory is given by
δφk =
H√
2k3
(1 + ikτ)e−ikτ . (14)
Plugging this into the integral in Eq. (13) and using τe ' 0, the term containing Im[...] in
Eq. (13) becomes proportional to
I ≡
∫ 0
−∞
dττe−i(k+q)τ .
Using the contour rotation τ = −∞(1 + iµ0) with µ0 → 0+, the UV contribution in I
is canceled, while the IR contribution from τ = 0 in I is found to be real. As a result,
Im(I) = 0. Therefore, to first order in µ there is no correction in curvature perturbation
power spectrum. This is consistent with the result obtained in [23]. This means that in
order to calculate the corrections in power spectrum, we have to go to second order in µ, i.e.
consider the interaction Hamiltonian containing the term (GM)2. This was the reason why
we have kept terms quadratic in GM in the interaction Hamiltonian in Eq. (7).
Now we calculate the corrections to curvature power spectrum to second order in µ. There
are three different types of contributions to order µ2. The first two corrections come from the
direct contribution of the terms containing (GM)2 from operators (δφ˙)2 and (∇δφ)2 in Eq.
(7) into the in-in integral Eq. (12). The third contribution comes from the product of two HI
linear in µ, as given in Eq. (11), in a nested integral as we elaborate in details below. But,
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first we concentrate on the direction contributions of operators (δφ˙)2 and (∇δφ)2 quadratic
in µ.
The Hamiltonian in Fourier space for the interaction (δφ˙)2 is given by
H
(a)
I =
35M2G2
8(2pi)3(4pi)a(t)
∫
d3kd3q
|k + q|δφ
′(k)δφ′(q), (15)
while the Hamiltonian for the operator (∇δφ)2 is given by
H
(b)
I =
a(t)M2G2
8(2pi)3(4pi)
∫
d3kd3q(k.q)
|k + q| δφ(k)δφ(q) . (16)
Let us first calculate the corrections from H
(a)
I . Using H
(a)
I in the in-in integral in Eq.
(12) we obtain
∆
〈
δφkδφq
〉(a)
=
35µ2pi2H2
4
1
|k + q|
1
kq
Im
[∫ τe
−∞
dττ 2e−i(k+q)τ
]
, (17)
which yields
∆
〈
δφkδφq
〉(a)
= −35µ
2pi2H2
2
1
|k + q|
1
kq
1
(k + q)3
. (18)
Similarly, the corrections from the interaction H
(b)
I is given by
∆
〈
δφkδφq
〉(b)
=
µ2pi2H2
4
1
|k + q|
k.q
k3q3
Im
[∫ τe
−∞
dτ
(
1 + iτ(k + q)− kqτ 2) e−i(k+q)τ], (19)
which leads to
∆
〈
δφkδφq
〉(b)
= −µ
2pi2H2
2
1
|k + q|
k.q
k3q3
[
1
(k + q)
+
kq
(k + q)3
]
. (20)
Correspondingly, the total contribution from the interactions H
(a)
I and H
(b)
I is given by
∆
〈
δφkδφq
〉(a+b)
= −µ
2pi2H2
2
1
|k + q|
[
35
kq(k + q)3
+
k.q
k3q3(k + q)
+
k.q
k2q2(k + q)3
]
. (21)
Finally, we calculate the third contributions, the products of two HI linear in µ in a nested
in-in integral. Similar to integrals in [29, 30, 31] this contribution is given by
∆
〈
δφkδφq
〉(c)
= −
∫ τe
−∞
dτ1
∫ τ1
−∞
dτ2
〈[
HI(τ2),
[
HI(τ1), δφk(τe)δφq(τe)
]] 〉
, (22)
in which HI in the above integral is given by Eq. (11), yielding
∆
〈
δφkδφq
〉(c)
= 16(2pi)3
(
GM
pi2
)2 ∫
d3p
1
|p− q|2
1
|p + k|2
∫ τe
−∞
dτ1a(τ1)
∫ τ1
−∞
dτ2a(τ2)
× Im
[
δφq(τe)
∗δφ′q(τ1)
]
Im
[
δφk(τe)
∗δφ′k(τ2)δφ
′
p(τ1)
∗δφ′p(τ2)
]
+ (k → q) . (23)
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Note that the factor 16 comes from various permutations in Wick contractions of δφ. The ad-
ditional integration over the momentum p is because of the violation of translation invariance
so we lose the usual δ3(k + q) contribution which appears in homogeneous backgrounds.
The above integral over momentum p has non-trivial forms. For the UV contributions,
i.e. when |kτ |, |qτ |, |pτ |  1, the integrands oscillate rapidly and the net result is zero [32].
Therefore, the dominant contributions in the integrals above come from the IR region, yielding
∆
〈
δφkδφq
〉(c)
=
32µ2
pi
H2
∫
d3p
1
|p− q|2
1
|p + k|2
p(4k3 + 3k2p+ pq2)
k(k + q)3(k + p)2(k − q)3 + (k → q) . (24)
Now changing p→ −p will take care of the contribution from the permutation k → q, so
the final result is
∆
〈
δφkδφq
〉(c)
=
128
pi
µ2H2
∫
d3p
1
|p− q|2
1
|p + k|2
p2
(
p2 + 2(k + q)p+ (k2 + q2 + 3kq)
)
kq(p+ q)2(p+ k)2(k + q)3
. (25)
Despite the complicated integral over p, the overall scaling of the above term is similar to the
other two contributions in ∆
〈
δφkδφq
〉(a+b)
, i.e. scaling like µ2H2.
In conclusion, the total corrections in inhomogeneous power spectrum is given by adding
∆
〈
δφkδφq
〉(a+b)
and ∆
〈
δφkδφq
〉(c)
obtained in Eqs. (21) and (25). Correspondingly, the
power spectrum of curvature perturbations is obtained to be
〈RkRq〉 =
(H2
φ˙
)2{ 1
2k3
(2pi)3δ3(k + q)− µ
2pi2
2
1
|k + q|
[ 35
kq(k + q)3
+
k.q (k2 + q2 + 3kq)
k3q3(k + q)3
]
+
128
pi
µ2
∫
d3p
1
|p− q|2
1
|p + k|2
p2
(
p2 + 2(k + q)p+ (k2 + q2 + 3kq)
)
kq(p+ q)2(p+ k)2(k + q)3
}
(26)
The first term above represents the dominant isotropic and homogeneous contribution coming
from the inflation field. As mentioned before, the contributions of the massive defect is at
the order µ2 with a non-trivial scale-dependence. Since the homogeneity of the background
is maximally broken by the local defect, there is no δ3(k + q) for the contribution of defect.
However, since the background is still isotropic, the correction in power spectrum respects
isotropy.
4 Variance
Having calculated the corrections in curvature perturbation power spectrum, here we calculate
the variance of curvature perturbation in real space 〈R(x)2〉 on CMB sphere. As argued
in [17, 16] the asymmetry in variance in real space is a very good measure of the dipole
asymmetry in power spectrum. Indeed, the asymmetry in variance of the temperature map
(which is directly related to 〈R(x)2〉 up to a numerical factor ) is introduced as one of the
measure of dipole asymmetry in latest Planck’s data analysis [8]. Therefore, it is a very good
idea to calculate 〈R(x)2〉 for our setup. A similar analysis was performed for the anisotropy
induced from the domain wall in [16].
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The variance has two parts, the leading homogeneous part coming from the inflaton fluc-
tuations denoted by 〈R(x)2〉(0), and the sub-leading correction from the massive defect. The
leading contribution is related to the curvature perturbation powers spectrum PR(0) via
〈R(x)2〉(0) =
∫
d ln k
(
k3
2pi2
|R(k)|2
)
=
∫
d ln kPR(0) . (27)
On the other hand, the correction to 〈R(x)2〉 from the massive defect is given by
∆〈R(x)2〉 = 1
(2pi)6
∫ ∫
d3kd3qei(k+q)·x∆〈RkRq〉 . (28)
Using Eq. (26), this yields
∆〈R(x)2〉 =
(
µH2
(2pi)3φ˙
)2 ∫
d3kd3qei(k+q)·x
{
−pi2
2kq|k + q|(k + q)3
(
35 +
k.q (k2 + q2 + 3kq)
k2q2
)
+
128
pi
∫
d3p
1
|p− q|2
1
|p + k|2
p2
(
p2 + 2(k + q)p+ (k2 + q2 + 3kq)
)
kq(p+ q)2(p+ k)2(k + q)3
}
. (29)
Obviously the above integrals are too complicated to be dealt with analytically. However,
as in [16], important insights can be obtained by looking at the UV and IR properties of these
integrals. One can easily check that the UV part converges and plays no important roles in
the integrals while the important contributions come from the IR region. One can check that
upon rescaling k → rk , q → rq, p→ rp, in which r = |x|, the integrand becomes independent
of r and any dependence on r comes from the regularization of the IR cut-off for k, q, p→ 0.
Concentrating on the IR region of the integrals, one can check that the final result is in the
form of ln(r/L) in which L is the size of a hypothetical box which is assumed to be much
bigger than the comoving size of the patch encompassing the observed CMB sphere. With
this analytical insight, we have fitted numerically the above integrals with the ansatz ln(r/L)
and obtained
∆〈R(x)2〉 ' 668 µ
2H4
4(2pi)4φ˙2
ln
( r
L
)
+ C0 . (30)
Here C0 is a constant independent of r which modifies the monopole but does not contribute
to higher multipoles. We have checked that Eq. (30) is a good fit to the full numerical results
of the integrals in Eq. (29). Furthermore, we have checked numerically that the dominant
term in ∆〈R(x)2〉 is the third integral in Eq. (29). Specifically, the amplitudes of the first
and second integral ( without considering their coefficients) are around 2pi2 but the amplitude
of the third integral is approximately 104pi.
To obtain a measure of the CMB dipole and higher multipole asymmetries, we consider
a two-dimensional sphere which is fixed at a comoving radius R centered at rCMB = r0zˆ as
the CMB sphere. Because of the rotational symmetry, we can choose the z axis to be the
line connecting the center of CMB sphere to the massive defect (the origin). For a view of
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Figure 1: The setup for CMB sphere and massive defect. The defect is at the center of
coordinate system and its distance from the center of CMB sphere is denoted by r0. Left:
The case where the massive defect is outside the CMB sphere. Right: The massive defect is
inside the CMB sphere.
this configuration see Fig. 1. If r0 > R, then the defect is outside the CMB sphere while the
defect will be inside the CMB sphere when r0 < R.
The center of this CMB sphere is located at comoving distance r0 from the position of the
monopole while any point on the CMB sphere is identified with two angles θ and φ. Because
of the azimuthal symmetry, the latter does not play any role and we have
r = |x| = R
√
1 + α2 − 2α cos θ , (31)
in which α ≡ r0/R. Plugging this into Eq. (30) we obtain
∆〈R2(r)〉 ≈ µ2 668
8(2pi)2
P0 ln
(
α2 + 1− 2α cos θ)+ C0 , (32)
where P0 = (H2/2piφ˙)2 is the homogeneous power spectrum. Here we comment that in order
for our perturbative analysis to be correct, we require that the corrections in variance to be
smaller than the isotropic and homogeneous one, i.e. ∆〈R2(r)〉  〈R2(r)〉(0). Assuming that
the logarithmic term is not hierarchically much different than unity, this requires 10µ2  1
which is well consistent with our approximation in which µ 1.
To calculate the dipole and higher multipoles for the variance of the curvature perturba-
tions, we decompose ∆〈R2(r)〉 in terms of the Legendre polynomials as
∆〈R2(r)〉 = P0
∑
`
a`P`(cos θ) . (33)
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Figure 2: Left. Values of the variance dipole (a1), quadrupole (a2) and octupole (a3), scaled
by 1/β, as functions of α. Right. The ratios of the quadrupole (a2) and octupole (a3) to the
dipole (a1) as functions of α.
Correspondingly, the multipoles a` for ` ≥ 1 (i.e. neglecting the monopole which contains the
unknown parameters C0), are given by
a` =
2`+ 1
2
∫ 1
−1
d(cos θ)∆〈R2(r)〉P`(cos θ)
∝ 2`+ 1
2
∫ 1
−1
d(cos θ)P`(cos θ) ln
(
α2 + 1− 2α cos θ) . (34)
Combining this decomposition with Eq. (32), the dipole (a1), quadrupole (a2) and oc-
tupole (a3) are obtained to be
a1 =
3β
16α2
[
(α2 − 1)2 ln
∣∣∣1 + α
1− α
∣∣∣− 2α(1 + α2)] , (35)
a2 =
5β
96α3
[
3(α2 − 1)2(1 + α2) ln
∣∣∣1 + α
1− α
∣∣∣− 2α(3− 2α2 + 3α4)] , (36)
a3 =
7β
768α4
[
3(α2 − 1)2(5 + 6α2 + 5α4) ln
∣∣∣1 + α
1− α
∣∣∣− 2α(15− 7α2 − 7α4 + 15α6)]. (37)
in which we have defined β ≡ 668µ2/4(2pi)2. As discussed before, the consistency of our setup
requires µ < 1 so we require β < 1.
One interesting feature of the above results is that ai are symmetric under α→ 1/α. This
has interesting interpretation. Suppose r0 > R so the massive defect is outside the CMB
sphere and α > 1. Now consider a situation in which α → 1/α so the defect is inside the
CMB sphere with rnew0 = 1/r0. Then the variance for any point on the CMB sphere remains
unchanged. This reflection symmetry can be verified from Eq. (34) for all values of ` ≥ 1.
Indeed, upon changing α→ 1/α, the right hand side of Eq. (34) yields
a` − ln(α)2`+ 1
2
∫ 1
−1
d(cos θ)P`(cos θ) . (38)
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But for ` ≥ 1 the integral above vanishes so we conclude a` → a` upon α→ 1/α.
One can check that ai reaches its maximum value when α = 1, i.e. r0 = R and the massive
defect is located right on the surface of CMB sphere during inflation. For small values of α,
one can check that
a1 ' −βα , a2 ' −2
3
βα2 , a3 ' − 8
15
βα2 , (α 1) . (39)
Finally, we comment that observations indicate a dipole amplitude at the order of few
percents [8, 17] while detecting no higher multipoles. The amplitude of dipole (and other
multipoles) is proportional to the parameter β = 668µ2/4(2pi)2. As mentioned before, the
consistency of our setup requires µ < 1. As an example, if we take µ = 1/10, then we obtain
β ' 0.04 so a dipole at the order of few percents can be obtained for α ∼ 1, i.e. when the
defect is near the surface of CMB sphere. As can be seen from Fig. 2 a large dipole and small
other multipoles can be obtained for α ∼ 1. For α  1 ( or α  1) the higher multipoles
fall off rapidly. But the problem with these configurations is that for these values of α, dipole
also falls off. So the configuration in which the defect is somewhat near the CMB sphere,
either from the outside or from the inside, is the preferred configuration observationally.
5 Gravitational Waves
The presence of the massive defects also contributes into the gravitational waves power spec-
trum. In this section we calculate the modification in tensor perturbation power spectrum.
The metric perturbations for tensor modes are given by
ds2 = −
(
1− GM
2a(t)r
)2(
1 +
GM
2a(t)r
)−2
dt2 + a2
(
1 +
MG
2a(t) r
)4
(δij + hij) dx
i dxj , (40)
in which hij represents the tensor perturbations. In addition, we fix the gauge freedom by
using the transverse and traceless (TT) gauge: hii = 0 and ∂ihij = 0. As usual this leaves two
degrees of freedom for the tensor modes. Note that the indices on hij are raised and lowered
by the flat metric δij.
As in the case of scalar perturbations, we have to calculate the interaction Hamiltonian for
tensor perturbations. These interactions come from the Einstein-Hilbert term. The details of
the analysis are presented in the Appendix.
There are four types of interaction Hamiltonians for tensor perturbations as follows:
H
(1)
I = −2µpi
M2P
H
∫
d3x δ(r)(hij)
2, (41)
H
(2)
I = −2µ
M2P
H
∫
d3x ∂j∂k
(
1
r
)
hijhik, (42)
H
(3)
I =
9
8
µM2PHa
2
∫
d3x
1
r
h2ij, (43)
H
(4)
I = µ
M2Pa
2
8H
∫
d3x
1
r
h˙2ij. (44)
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We use the convention that all repeated indices are summed over (unless mentioned otherwise).
5.1 Polarization bases
We use the following decomposition for the tensor perturbations in Fourier space
hij(k) =
∑
s
hs(k)esij(k) , (45)
in which s represents the polarization. For linear polarization s = 1, 2, while for circular
polarization, s = +,×, with the following properties for the polarization tensor
kie
s
ij(k) = 0, e
r
ij(k)e
s∗
ij (k) = δ
rs, esii(k) = 0 . (46)
The leading homogenous and isotropic tensor power spectrum is given by
〈hr(k, τ)hs(q, τ)〉(0) = (2pi)3δ3(k + q)|h(k, τ)|2δrs, (47)
in which h(k, τ) is the wave function of the tensor perturbations
h(k, τ) =
2H
MP
√
2k3
(1 + ikτ)e−ikτ . (48)
Since any two different vectors in three-dimensional space are coplanar and determine a
unique plane, without losing generality we choose vectors k and q to be in y − z plane and
assume that k is in z direction, k = k(0, 0, 1) and q = q(0, sinψ, cosψ) in which ψ represents
the angle between the vectors k and q.
Using this convention, the circular polarization matrices associated to vectors k and q are
given by
e×ij(k) =
i√
2
0 1 01 0 0
0 0 0
 , e+ij(k) = 1√
2
−1 0 00 1 0
0 0 0
 (49)
and
e×ij(q) =
i√
2
 0 cosψ − sinψcosψ 0 0
− sinψ 0 0
 , e+ij(q) = 1√
2
−1 0 00 cos2 ψ − sinψ cosψ
0 − sinψ cosψ sin2 ψ
(50)
Using this representation, one can easily check that the following relations hold which will be
used in the follow up analysis
e+∗ij (k)e
+∗
ij (q) =
1
2
(cos2 ψ + 1) , (51)
e×∗ij (k)e
×∗
ij (q) = − cosψ , (52)
e+∗ij (k)e
×∗
ij (q) = 0 , (53)
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and
kjqke
+∗
ik (k)e
+∗
ij (q) = −
kq
2
sin2 ψ cosψ , (54)
kjqke
×∗
ik (k)e
×∗
ij (q) =
kq
2
sin2 ψ , (55)
kjqke
+∗
ik (k)e
×∗
ij (q) = 0 , (56)
kjqke
×∗
ik (k)e
+∗
ij (q) = 0 . (57)
5.2 Power spectrum of gravitational waves
Now we are ready to calculate the corrections in tensor power spectra. As mentioned before,
we have four different types of interaction Hamiltonians. The leading order correction in
tensor power spectrum induced from the Hamiltonian H
(i)
I with i = 1, 2, 3, 4 is given by
∆
〈
hr(k)hs(q)
〉(i)
= i
∫ te
−∞
dt
〈 [
H
(i)
I , h
r(k)hs(q)
] 〉
= −2 Im
∫ te
−∞
dt
〈
H
(1)
I , h
r(k)hs(q)
〉
. (58)
Below we calculate the contribute from each interaction separately.
5.2.1 Contribution from H
(1)
I
Let us start with H
(1)
I . In Fourier space we have
H
(1)
I = −
2piµ
H
M2P
∫
d3p1
(2pi)3
d3p2
(2pi)3
hij(p1)hij(p2) . (59)
Using the relation
δ(r) =
1
(2pi)3
∫
d3ke−ik.r, (60)
the correction in tensor power spectrum induced from H
(1)
I is given by
∆
〈
hr(k)hs(q)
〉(1)
= −32piµH
2
M2P
1
k3q3
Im
∫ 0
−∞
dτ
τ
e−i(k+q)τ
(
1 + i(k + q)τ − kqτ 2) er∗ij (k)es∗ij (q).(61)
Now using the relations
Im
[∫ 0
−∞
dτ
τ
e−i(k+q)τ
]
= −pi
2
,
Im
[∫ 0
−∞
dτ
τ
e−i(k+q)τ i(k + q)τ
]
= 0,
Im
[∫ 0
−∞
dτ
τ
e−i(k+q)τ (kq)τ 2
]
= 0, (62)
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and noting that er∗ij (k)e
s∗
ij (q) is real, the contribution from H
(1)
I is obtained to be
∆
〈
hr(k)hs(q)
〉(1)
=
16pi2µH2
M2Pk
3q3
er∗ij (k)e
s∗
ij (q) . (63)
As expected, since the defect breaks the background homogeneity, there is no δ3(k + q) in
the above expression while the isotropy is kept intact.
5.2.2 Contribution from H
(2)
I
Now we calculate the corrections from H
(2)
I .
In the Fourier space we have
H
(2)
I = 4µ
M2P
2
∫
1
H
d3q1
(2pi)3
d3q2
(2pi)3
1
2pi2
(
(q1 + q2)j(q1 + q2)k
|q1 + q2|2
)
hij(q1)hik(q2) , (64)
which, using Eq. (46), leads to
∆〈hr(k)hs(q)〉(2) = −32pi
2µH2
M2p
q`kj
k3q3|k + q|2 e
r∗
i` (k)e
s∗
ij (q) . (65)
5.2.3 Contribution from H
(3)
I
Similarly, for the contribution from H
(3)
I we obtain
∆〈hr(k)hs(q)〉(3) = 72piµH
2er∗ij (k)e
s∗
ij (q)
M2P |k + q|2q3k3
Im
[∫ 0
−∞
dτ
τ 3
(
1 + i(k + q)τ − kqτ 2) e−i(k+q)τ] .
Using the relation
Im
[∫ 0
−∞
dτ
τ 3
(
1 + i(k + q)τ − kqτ 2) e−i(k+q)τ] = −pi
4
(
k2 + q2
)
, (66)
we obtain
∆〈hr(k)hs(q)〉(3) = −18pi
2µH2
M2P
(k2 + q2)
|k + q|2q3k3 e
r∗
ij (k)e
s∗
ij (q). (67)
5.2.4 Contribution from H
(4)
I
Finally, for the contribution from H
(4)
I we have
∆〈hr(k)hs(q)〉(4) = 32piH
2
M2P
µ
1
|k + q|2kq Im
[∫ 0
−∞
dτe−i(k+q)ττ
]
er∗ij (k)e
s∗
ij (q) = 0 . (68)
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5.3 Total corrections in tensor power spectrum
Having obtained the contribution from each H
(i)
I as presented above, we can calculate the
total corrections in tensor power spectrum. Using the relations between the polarization
matrices listed at the end of Section 5.1 we obtain
∆〈h×(k)h×(q)〉 = −2pi
2µH2
M2Pk
3q3
cosψ
(
8− 9(k
2 + q2)
|k + q|2
)
− 32pi
2µH2
M2P
sin2 ψ
k2q2|k + q|2 , (69)
∆〈h+(k)h+(q)〉 = pi
2µH2
M2Pk
3q3
(cos2 ψ + 1)
(
8− 9(k
2 + q2)
|k + q|2
)
+
32pi2µH2
M2P
sin2 ψ cosψ
k2q2|k + q|2 ,(70)
while there is no mixing between + and × modes.
By adding the above results, the total inhomogenous correction to tensor power spectrum
is obtained to be
∆total
〈
h(k)h(q)
〉
= − pi
2µH2
M2Pk
3q3
(1− cosψ)2 k
2 + q2 + 32kq + 16kq cosψ
k2 + q2 + 2kq cosψ
, (71)
in which the relation |k + q|2 = k2 + q2 + 2kq cosψ has ben used. Note that cosψ = k · q/kq
so the correction in tensor power spectrum is statistically isotropic as expected. However, the
homogeneity is specifically broken, so unlike the leading power spectra given in Eq. (47), we
have no additional factor (2pi)2δ3(k + q).
The overall scale dependence of correction in tensor power spectrum is similar to the
scalar case in which ∆
〈
h(k)h(q)
〉 ∼ 1/k6. However, the big difference compared to the scalar
perturbation is that the correction in tensor power spectrum is linear in µ.
5.4 Variance of Tensor perturbations
As in the case of scalar perturbations, we can also calculate the corrections in variance of
tensor perturbations in real space. Parallel to scalar perturbation, the change in the variance
of the tensor perturbations is given by
∆〈hij(r)hij(r)〉 =
∑
s
∫
d3kd3q
2pi6
esij(k)e
s
ij(q)〈h(k)h(q)〉ei(k+q).r . (72)
The structure of integral is somewhat similar to the scalar case and is too complicated to
be calculated analytically. However, as in the case of scalar perturbations, the dominant
contributions come from the IR region of the integrals. Checking the IR limit of the above
integral, we found a double logarithm behavior for the IR divergence. Performing a numerical
approximation for the integrals we have found
∆〈hijhij〉(θ) ∼ µH
2
8pi4M2P
ln
(
L
r0
)
ln
(
1 + α2 − 2α cos θ) , (73)
in which, as before, α = r0/R, θ is the usual polar angle on the CMB sphere as denoted in
Fig. 1 and L represents the size of the box. The unknown parameter L can be absorbed
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in the isotropic and homogeneous tensor power spectrum so it does not appear in multipole
moments of tensor anisotropies (like dipole, quadrupole etc).
In order for our perturbative treatment to be consistent, we require that the corrections
in tenor power spectrum to be smaller than the leading isotropic and homogeneous tensor
power spectrum. In terms of variance this requirement is translated into ∆〈hijhij〉(θ) 
〈hijhij〉(0) in which 〈hijhij〉(0) is the variance from the leading isotropic and homogeneous
tensor perturbations obtained from Eq. (47). Considering a scale invariant stochastic tensor
perturbation we have
〈hijhij〉(0) ∼ H
2
pi2M2P
∫ L
r0
d k
k
∼ H
2
pi2M2P
ln
(
L
r0
)
. (74)
As a result, we obtain
∆〈hijhij〉(θ)
〈hijhij〉(0) ∼
µ
pi2
ln
(
1 + α2 − 2α cos θ) . (75)
Assuming the logarithmic contribution is not hierarchically different than unity, the consis-
tency of our perturbative treatment is well justified with our assumption µ 1.
6 Summary and Discussions
In this work we have studied the imprints of local massive defects such as a monopole or black
hole during inflation. As mentioned before, a distribution of massive defects is quickly diluted
during inflation. Therefore, it seems reasonable to study a single defect in a comoving Hubble
patch during inflation. The presence of the local massive defect breaks the homogeneity of
the cosmological background while keeping the isotropy intact.
We have calculated the inhomogeneities induced in curvature perturbation and gravita-
tional wave power spectra. In our treatment the effects of the massive defect is felt by the
inflaton field via the corrections of defect to background geometry. We work in the limit in
which the back-reaction of the inflaton field on background geometry is neglected. This is
justified in leading order where this approximations has error of O(β√) in which  = −H˙/H2
is the slow-roll parameter. Therefore, these corrections can be neglected in the limit of small
enough values of .
We have calculated the anisotropy multipoles such as dipole, quadrupole and octupole
induced from primordial inhomogeneities. We have found that quadrupole and octupole are
always smaller than the dipole. This is encouraging, as the Planck data seems to suggest the
existence of a dipole with no detection of quadrupole and octupole. We have argued that the
configuration with α ∼ 1, i.e, when the defect is somewhat near the surface of the CMB sphere
either from the outside or from the inside, is the preferred configuration observationally. We
have observed a curious mirror symmetry upon α→ 1/α in which the configuration with the
massive defect being inside the comoving CMB sphere is mapped to its mirror configuration,
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i.e. r0 → 1/r0. We have shown that the inhomogeneous corrections for both of these mirror
images are identical.
With the primordial inhomogeneities in curvature perturbations and gravitational wave
power spectra calculated here, it would be very interesting to perform a CMB data analysis
and compare the predictions of our setup with the Planck data. It is an interesting question
to see if the inflationary universe with local massive inhomogeneity is a better fit to CMB
data. For example, it is open to see whether this picture can generate an acceptable amount
of dipole amplitude and at the same time resolve other anomalies on CMB map such as the
power deficit on large scales. This is an interesting question which is beyond the scope of
our current purely theoretical investigation. We would like to come back to this question in
future.
In our phenomenological approach, we have not specified the origin and the fate of massive
defect. It might have been generated from a phase transition during or before inflation.
Whatever its origin, we need the defect to evaporate during reheating so the Universe starts
its isotropic and homogeneous history. We do not know the mechanism in which the defect
evaporates. Perhaps this is entangled to the mechanism of reheating which drags the energy
not only from the inflaton field but also from the defect. Related to this question one may
wonder if the definition of curvature perturbation in flat gauge as R = −Hδφ/φ˙ is well-
defined in the presence of defect. Perhaps the definition of curvature perturbation on a flat
three-dimensional surface in the presence of defect with the metric Eq. (1) is unclear. To
justify our approximation in taking R = −Hδφ/φ˙ we consider the idealized situation in which
the process of reheating and the decay of the defect happen instantaneously. Therefore, one
can safely define the curvature perturbation on flat slice at the time of end of inflation when
the correlation functions are calculated as we did above.
There are couple of other directions in which the current work can be extended. One
interesting question is the imprints of a charged monopole in which not only its mass M but
also its electric (magnetic) charge Q appears in the metric. This is the Reissner-Nordstrom-
deSitter (RNdS) solution. The structure of RNdS metric in cosmological coordinate is more
complicated than Eq. (1) with multiple horizons. In addition, the requirement of evading
the naked singularity imposes the constraint Q ≤M [34]. It is an interesting question to see
what kind of inhomogeneities the combination of M and Q induce on curvature perturbations
and gravitational waves. Another interesting question is to consider a distribution (network)
of massive defects which are being diluted at the early stage of inflation. In the weak field
approximation which will be relevant to our study, one can consider the effects of defects by
the superposition of each defect without back reacting to each other. Mathematically, the
metric will be the superposition of metrics in the form of Eq. (1). While the defects are being
diluted, they leave their imprints to scalar and tensor power spectra. These inhomogeneities
may be viewed as the snapshot for the local position of these massive defects during inflation.
Acknowledgments: We would like to thank J. T. Firouzjaee, S. Jazayeri and M. Wise
for insightful discussions and comments.
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A Einstein-Hilbert action
In this Appendix we present the details of the analysis yielding the tensor perturbations
interaction Hamiltonians, Eqs. (41) - (44).
In ADM decomposition, the metric with the tensor perturbations are given by
N =
(
1−MG/2ar
1 +MG/2ar
)
, Ni = 0, gij = a
2(1 +MG/2ar)4 (δij + hij) , (76)
which yields √
det(gij) = a
3(1 +MG/2ar)6
(
1− 1
4
h2ij
)
.
We need to calculate the three terms of the Einstein-Hilbert action which is
SEH =
M2P
2
∫ √
det(gij)N
(
(3)R +
1
N2
(
EijE
ij − E2)) , (77)
where (3)R is the three-dimensional Ricci scalar associated with the spatial metric gij and Eij
is the extrinsic curvature
Eij =
1
2
(g˙ij −∇iNj −∇jNi)
= a2H(1 +MG/2ar)3
[
(1−MG/2ar) (δij + hij) + 1
2H
(1 +MG/2ar) h˙ij
]
, (78)
in which ∇ represents the covariant derivative associated with the metric gij. In addition we
have
Eij = a−4(1 +MG/2ar)−8 [Eij − hilEjl − hjkEki + hilhkjEkl + himhmlEjl + hjlhklEki]
and
E ≡ gijEij = a−2(1 +MG/2ar)−4 [Eii − hijEij + hikhkjEij] . (79)
We calculate each term of Einstein-Hilbert action separately.
A.1 Term containing (3)R
Defining the conformal transformation via
gij = a
2(1 +MG/2ar)4 [δij + hij] ≡ Ω2g˜ij, Ω ≡ a(1 +MG/2ar)2
Ricci scalar is obtained to be [33]
(3)R = Ω−2
[
(3)R˜− 4g˜ij∇˜i∇˜j ln Ω− 2gij(∂˜i ln Ω)(∂˜j ln Ω)
]
.
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Then√
det(gij)N
(3)R =
√
det(gij)NΩ
−2
[
(3)R˜− 4g˜ij∇˜i∇˜j ln Ω− 2g˜ij(∂˜i ln Ω)(∂˜j ln Ω)
]
= NΩ(1− 1
4
h2ij)
[
(3)R˜− 2g˜ij
(
2∂˜i∂˜jΩ− 2Γ˜kij ∂˜kΩ−
∂˜iΩ∂˜jΩ
Ω
)]
' NΩ(1− 1
4
h2ij)
[
(3)R˜− 2δij − hij + hikhjk
Ω
(
2∂˜i∂˜jΩ− 2Γ˜kij ∂˜kΩ−
∂˜iΩ∂˜jΩ
Ω
)]
Now with
(3)R˜ = hij;kkhij − 1
2
hij;khjk;i +
3
4
(hij;k)
2 (80)
for the first term in the Einstein-Hilbert action we obtain√
det(gij)N
(3)R =NΩ
(
hij;kkhij − 1
2
hij;khjk;i +
3
4
(hij;k)
2
)
+N(hij)
2∂˜k∂˜kΩ− 4Nhilhlj ∂˜i∂˜jΩ− 8Nhijhik;j ∂˜kΩ
+ 4Nhijhij;k∂˜kΩ +O(h3).
(81)
Doing some integrations by part for the third term on the right hand side of the above
equation, the (3)R contribution to the Einstein-Hilbert action to first order in µ is obtained
to be
(
√
det(gij)N
(3)R)(1) = 4pi
µ
H
δ(r)(hij)
2 + 4
µ
H
∂j∂k
(
1
r
)
hijhik . (82)
A.1.1 Term containing EijE
ij
For this contribution we have
EijE
ij =
1
a4(1 +MG/2ar)8
[
E2ij − 2EijhilEjl + EijEklhilhjk + 2EijhljhklEki
]
. (83)
We calculate each of the above four terms in turn:√
det(gij)
N−1E2ij
a4(1 +MG/2ar)8
= H2a3
[
1
4
(1 + 2MG/ar)h2ij +
1
4H2
(1 + 4MG/ar) h˙2ij
+
1
H
(1 + 3MG/ar) h˙ijhij
]
,
(84)
√
det(gij)
N−1 (−2EijhilElj)
a4(1 +MG/2ar)8
= −4H2a3
[
(1 + 2MG/ar)h2ij +
1
2H
(1 + 3MG/ar) h˙ijhij
]
.(85)
√
det(gij)
N−1
a4(1 +MG/2ar)8
(EijhilhjkEkl) = H
2a3
[
(1 + 2MG/ar)h2ij
]
, (86)
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√
det(gij)
N−1
a4(1 +MG/2ar)8
(2EijhjlhlkEki) = 2H
2a3
[
(1 + 2MG/ar)h2ij
]
, (87)
Adding these, the total contribution of the term containing EijE
ij in Einstein-Hilbert
action to zeroth and the first order in µ = MGH is:
• zeroth order√
det(gij)
N−1
a4(1 +MG/2ar)8
(
EijE
ij
)
= H2a3
[
3
4
h2ij +
1
4H2
h˙2ij −
1
H
h˙ijhij
]
, (88)
• first order
√
det(gij)
N−1 (EijEij)
a4(1 +MG/2ar)8
= H2a3(MG/ar)
[
6
4
h2ij +
1
H2
h˙2ij −
3
H
h˙ijhij
]
= µHa2
1
r
[
6
4
h2ij +
1
H2
h˙2ij −
3
H
h˙ijhij
]
, (89)
A.1.2 Term containing E2
Starting with
Eii = 3Ha
2(1 +MG/2ar)3(1−MG/2ar),
we have
E2 = a−4(1 +MG/2ar)−8
[
E2ii − 2EkkhijEij + 2hikhjkEijEll
]
. (90)
Below we calculate the contributions of each of the above three terms:√
det(gij)
N−1E2ii
a4(1 +MG/2ar)8
= −9
4
H2a3 (1 +MG/ar)h2ij, (91)√
det(gij)
N−1 (−2EkkhijEij)
a4(1 +MG/2ar)8
= −6H2a3 (1 +MG/2ar)5 (92)
×
[
(1−MG/2ar)h2ij +
1
2H
(1 +MG/2ar)hijh˙ij
]
,√
det(gij)
N−1 (2hikhjkEijEll)
a4(1 +MG/2ar)8
= 6H2a3 (1 +MG/2ar)5
[
(1−MG/2ar)h2ij
]
. (93)
Adding up the above contributions, we have
−
√
det(gij)N
−1E2 = H2a3
[
9
4
(1 +MG/ar)h2ij + 3(1 + 3MG/ar)hijh˙ij
]
. (94)
To first order in µ, we have
−
√
det(gij)N
−1E2 = Hµa2/r
[
9
4
h2ij +
9
H
hijh˙ij
]
. (95)
The total contribution from Eq. (89) and Eq. (95) in Einstein-Hilbert action is given by
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• zeroth order √
det(gij)
N−1
a4(1 +MG/2ar)8
(
EijE
ij − E2) = a3 1
4
h˙2ij (96)
• first order√
det(gij)
N−1
a4(1 +MG/2ar)8
(
EijE
ij − E2) = µHa2(1/r) [−9
4
h2ij +
1
4H2
h˙2ij
]
. (97)
Combined with the first term of the Einstein-Hilbert action given in Eq. (82), the total
Einstein-Hilbert action to first order in µ is obtained to be
M2P
2
∫ √
det(gij)N
(
3R +
1
N2
(
EijE
ij − E2)) =
M2P
2
µ
[
4pi
1
H
δ(r)(hij)
2 + 4
1
H
∂j∂k
(
1
r
)
hijhik +
Ha2
r
(
−9
4
h2ij +
1
4H2
h˙2ij
)]
.(98)
This gives the four interaction Hamiltonians as presented in Eqs. (41) - (44).
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